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1. Introduction

1.1 The human brain

The human brain is one of the most complicated systems known to man, both in its

structure and its dynamical behavior. When one would decompose the brain into all

its parts, one would find a system with approximately 1011 neurons. Each of these

neurons consists of numerous biophysical structures and processes that enable them to

function in, and communicate with, their surroundings. Hence, the resulting descrip-

tion would contain an overwhelming amount of detail, but the question is whether all

these separate processes are really relevant. Is cortical functioning determined solely

by its individual building blocks or is it the product of synergies of coordinated ac-

tivity in neural populations that steers our movements, cognitive processes et cetera?

This question motivates to choose a more general point of view and regard the human

brain as a complex dynamical system. Essentially our brain is a complex system: a

large system of interacting particles. For the analysis of these kinds of systems two

disciplines in physics, thermodynamics and synergetics, have developed a range of

tools for its analysis. The main idea in both approaches is to focus on the behavior

of the system as a whole in order to characterize its dynamics and make inferences

about its structure and working principles.

The complex structure of the cortical network arises from different mechanisms:

the shear size of the network, the dynamics of the individual neurons, and the con-

nectivity structure consisting of approximately 1015 links between individual units.

This complexity may be crucial for the impressive (computational) capacity of the

brain. In recent years we have seen major advances in describing and/or explaining

(isolated) phenomena observed in brain activity. Most of these studies, however, did

not address the question how this network of interconnected neurons may produce

that large repertoire of behavior in a self-organized manner. We regard this behavior

as emergent phenomena of the underlying microscopic dynamics of the cortical neu-

ronal network. Behavior in this context should be interpreted in a very broad sense

and may refer to, e.g., cognitive, motor, and sensory performance.

There are two primary determinants of microscopic dynamics: the dynamics of the

individual nodes — neurons in this case — and the topological structure of the network

determining the interaction between these nodes. Individual neuronal dynamics can

be captured by low-dimensional non-linear dynamical systems. Seminal is the model

introduced by Hodgkin & Huxley in 1952, describing the generation and propagation

of action potentials in the squid giant axon [114]. This model provides a description

of fluctuations in membrane potential as function of the total membrane current, leak

conductance and the dynamical conductances of the sodium and potassium channels.

Membrane current — a constant — acts as a so-called bifurcation parameter, because

it invokes a qualitative change in behavior from rest to the characteristic spiking
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behavior observed in neuronal recordings. I will return to the topic of bifurcations

later on in this Introduction.

Many alternative neuronal models exist with varying degrees of complexity com-

pared to the original Hodgkin-Huxley description, e.g., Fitzhugh-Nagumo -, Morris-

Lecar - and theta neurons as well as different types of integrate-and-firing models

[120]. All of these models have one important feature in common: They are capa-

ble of generating neural spikes, although technically this is does not hold for the

integrate-and-fire type. It depends on the model in question which explicit mecha-

nism is responsible for this behavior.

Neuronal dynamics display a wide range of dynamical behavior and is therefore in-

teresting in its own right. In my thesis, however, I will not discuss individual neuronal

dynamics but focus on global cortical dynamics. This brings me to the second deter-

minant of this dynamics: the interaction between individual nodes, largely determined

by the structural topology of the network. The interplay between network elements

is believed to play a crucial role in neural functioning [70]; understanding the working

mechanism of the human brain should therefore start with considering the network

as a whole. Because this approach is not crucially dependent on specific neuronal

dynamics, this leads to a more general description, which, as said before, capitalizes

on thermodynamics [191] and synergetics [101]. In both fields low-dimensional models

may suffice to describe the full system’s dynamics. Interestingly, there are differences

between these fields with respect to the type of systems being studied. I will come

back to that below.

Regarding human behavior and cortical functioning as an emergent property of

the brain suggests different experimental paradigms compared to more traditional,

task-related approaches in neuroscience. In task-related studies, an experimental

manipulation is administered to identify the cortical circuits that are activated by

that manipulation and to unravel the responsible mechanisms. Examples include

changes in event-related potentials (electroencephalography, EEG) or event-related

fields (magnetoencephalography, MEG) resulting directly from specific sensory, cog-

nitive, or motor events. To disentangle task-related activity from resting state cor-

tical fluctuations, i.e. in the absence of external stimuli, resting state brain activity

is also recorded as reference. The rationale behind this procedure is that in the non-

stimulated condition brain activity is just a random process. That is to say, sufficiently

random to result in a low-activity state that serves as a reference condition against

which the task induced activity pattern is compared. The mathematical justification

for this procedure is the central limit theorem (CLT). This important theorem states

that the sum of independent (but not necessarily identically distributed) random pro-

cesses converges in distribution to a normally distributed random variable. In the

context of cortical activity, the sum in the CLT amounts to the sum of individual
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neuronal contributions that constitute EEG and MEG signals, which, according to

this same CLT, average to zero in case of independence.

Strictly speaking using resting state brain activity as reference condition requires

independence of neural contributions, which is a rather strong requirement. Alterna-

tively one may consider ongoing brain activity as a vital part of cortical functioning.

In the last decade of the 20th century, several groups investigated the metabolic profile

of the brain, inspired by the findings of Nyberg [158] and Schulman [202] who found

that increasing cognitive load caused spatial patterns of deactiviation compared to

rest. Subsequent studies resulted in the general finding of the existence of brain re-

gions that, relative to other areas, showed extraordinary high metabolic rates under

resting state conditions [65]. Interestingly, these regions largely overlapped with the

regions showing deactivation in response to cognitive challenging tasks. This led to the

study of resting state networks (RSNs) pioneered by the seminal paper of Biswal and

coworkers in 1995 [23] using temporal fluctuations in blood oxygen level-dependent

(BOLD) signals as measured by functional magnetic resonance imaging (fMRI). Vin-

cent and coworkers [233] showed that the spatial correlation structure of spontaneous

BOLD signal fluctuations coincided with those previously observed in motor, sensory,

and/or cognitive tasks, suggesting that the brain is constantly switching between

task-related activity patterns. Their conclusion was that this correlation structure

reflected ’...a more fundamental or intrinsic property of functional brain organiza-

tion’ (p. 85; [233]). It may even be the case that in several aspects the resting brain

shows more interesting dynamics than under task conditions, since in resting state the

brain needs to be flexible enough to be able to quickly select a specific task-related

pattern when required. Put differently, our brain may be most informative when one

is doing ‘nothing at all’.

Inevitably the nature of these studies is quite observational rather than based

on a classic hypothesis based paradigm. The problem is that usual experimental

manipulation in the form of imposing tasks is not possible, as any manipulation would

by definition force the system out of its resting state. Moreover, the complexity of the

system also makes it very difficult to predict how the state of the system is affected by

manipulation. For this I seek to develop models that qualitatively capture empirical

observations. By changing model parameters one may infer to what extent different

aspects of the brain’s architecture contribute to changes in spatial and temporal

correlation patterns. For the characterization of these patters, we need the concept

of connectivity and the various ways in which it may be quantified.
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1.2 Connectivity

When considering the cortical network as a graph, connectivity refers to the edge

structure, with the nodes representing (populations of) neurons. The construction of

this graph may be based on different types of data, such that connectivity comes in

three forms: structural, functional, and effective.

Structural connectivity refers to the organization of fiber tracts and synaptic con-

nections. Although this type of connectivity is not entirely static, the time scale of

change of this connectivity is in the order of hours, days, or even longer. Changes in

this type of connectivity are interesting, in particular, in the context of developmental

changes in children and as a result of (recovery from) pathologies. Processes of learn-

ing may also be reflected in changes of structural connectivity, for example by means

of the Hebbian learning principle. Throughout this thesis I assume the time scale

of change in structural connectivity to be sufficiently separated from the dynamics

under consideration, such that it can be considered constant.

Functional connectivity is defined as statistical interdependency between activity

patterns with its strength being given as the degree of that interdependency. The

aforementioned RSN studies are mainly based on some kind of functional connectivity

measures. They are typically symmetric and thus do not allow for inferring direction of

interaction, though see the causality measures below. When we represent a functional

connectivity network as a matrix C, this symmetry is reflected in the property Ckl=

Clk, i.e. the matrix C is symmetric around its diagonal.

Effective connectivity is related to functional connectivity because it is also based

on interdependencies between activity patterns. Effective connectivity, however, does

provide an indication of information flow from unit A to unit B and vice versa.

That is, it ’...refers explicitly to the influence that one neural system exerts over

another’ (p. 14; [92]). The so-called dynamical causal modelling approach [95] is

aimed at unraveling this type of connectivity. This approach relies on Bayesian model

comparison to infer causal relationships between dynamical systems representative of

underlying physiological processes. Data-based measures also exist in the form of

Granger causality and a recent method based on phase [134].

As mentioned above functional connectivity refers to statistical interdependencies

between activity patterns. Various ways of quantifying this dependency exist, which

all boil down to a kind of correlation measure. The most appropriate one for a given

situation depends on many things, one of them being the type of signal under study.

In this thesis I will focus specifically on oscillatory or periodic signals. This calls for

describing these signals in terms of their amplitude and phase, which both may serve

to establish functional connectivity networks. Before elaborating on these networks,

I will shortly discuss the concept of amplitude and phase in oscillatory signals.
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1.2.1 Amplitude vs. Phase

An oscillatory or periodic signal is a signal that repeats itself in regular intervals with

the length of this interval being referred to as its period. The seminal example of

such a signal is given by x(t) = A cos(φ(t)), φ(t) = t, where the constant amplitude

A represents the peak deviation from the average value and the phase φ indicates the

position within an oscillatory cycle. This is illustrated in Fig. 1.1(a) by the trajectory

of a point moving along a circle with its position on the horizontal axis given by x(t)

and displayed in Fig. 1.1(b). The amplitude A can be identified with the radius of

the circle in Fig. 1.1(a), or equivalently with the maximal deviation of x(t) in Fig.

1.1(b).
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Fig. 1.1(a): Unit circle with phase values 1
3
π, π and 11

6
π indicated by red dashed, red solid

and black dashed lines respectively. The particle makes one revolution around the circle,
thereby attaining all phase values in the interval [0 2π]. Fig. 1.1(b): is the projection of
the trajectory in Fig. 1.1(a) on the horizontal axis as a function of time. Corresponding
lines indicate the same phase values as in 1.1(a).

In case of a measured time series y(t) amplitude and phase are usually unknown.

To be able to characterize such a signal by a phase and amplitude, a method is needed

that allows for extracting these variables from a general signal. Let a periodic signal

y(t) be written in the form y(t) = a(t) sin(φ(t)), then the functions a(t) and φ(t)

can be determined via the so-called Hilbert transform H(·). Using H(·) the so-called

analytic signal ỹ(t) is constructed as

ỹ(t) = y(t) + iH(y(t)) = y(t) + i
1

π
PV

∫ ∞
−∞

y(s)

t− s
ds (1.1)

where PV denotes the Cauchy principal value of the integral ensuring that the integral

is properly defined at the singularity t= s. The discrete analogue of the operator H
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is defined as

H (y(n)) =

m=∞∑
m=−∞

1

π

y(m)

n−m

with n,m integers. In the Fourier domain (see section 1.2.2) the Hilbert transform

H(·) results in a ±π2 phase shift, from which it follows that y(t) and H(y(t)) form an

orthogonal pair. Due to this orthogonality one can define the desired amplitude a(t)

and phase φ(t) on basis of the analytic signal ỹ(t) by means of

a(t) = |ỹ(t)| =
√

(Re {ỹ(t)})2
+ (Im {ỹ(t)})2

(1.2)

φ(t) = tan−1

(
Re {ỹ(t)}
Im {ỹ(t)}

)
(1.3)

with Re{·} and Im{·} denoting the real and imaginary part respectively. Note that

a(t) and φ(t) coincide with the definitions of absolute value and argument for ordinary

complex numbers. I would like to illustrate the above procedure with the following

example. Let us consider two signals with a non-constant, slowly oscillating amplitude

given by

y1(t) = A1(t) sin (2πt) , A1(t) = 1 +
1

4
sin(0.2πt),

y2(t) = A2(t) sin (4πt) , A2(t) = 1 +
1

4
sin(0.8πt). .

(1.4)

By means of the analytic signal, the resulting Hilbert phases (red) and amplitudes

(black) are displayed in Fig. 1.2 together with the original signals (gray). The Hilbert

amplitude nicely follows the peaks of the underlying oscillations, which is the reason

why it is also referred to as the amplitude envelope of a signal. As expected φ(t)

increases linearly in the interval from [−π, π] and is then reset to −π when the next

oscillation starts.

1.2.2 Power spectrum and autocorrelation

Phases φ(t) of the signals in (1.4) correspond to the arguments of the sine terms and

determine the frequency of oscillation with instantaneous frequency being defined as

the temporal derivate of φ(t). In many instances it is useful to know what frequencies

are present in a signal before estimating phase and/or amplitude. This can be realized

via the power spectrum Syy(ω). Isolated frequency components show themselves as

well-defined peaks at the corresponding frequencies ω in the function Syy(ω). This

makes the power spectrum an important tool in time series analysis. It is closely

related to the autocorrelation function that has an important role throughout this
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Fig. 1.2(a): The original signal y1(t) (gray) together with its Hilbert phase (red) and
amplitude (black). Phase increases linearly from −π to π each period, but is rescaled here
for clarity. Hilbert amplitude coincides with A1(t) in (1.4) and shows why it is also referred
to as the amplitude envelope of the signal. Fig. 1.2(b): Similar to Fig. 1.2(a) but for y2(t)
in (1.4).

thesis.

To be able to recover the frequency content in an arbitrary signal we switch from

the familiar temporal domain to the frequency domain enabled by the fact that all

periodic time series can be represented as a sum of oscillatory components by means

of its Fourier series with coefficients defined via the Fourier Transform (FT). I here

define the FT in its discrete form, due to the discrete nature of the signals we will

encounter throughout this thesis (and measured time series in general). Consider a

discrete signal of length (N)

y(n) = [y(0), y(1), . . . y(N − 1)]

then the discrete Fourier transform (DFT) and its inverse (IDFT) are defined as

follows

y(n) =
1

N

N−1∑
k=0

ŷ(k)e−2πik nN (1.5)

ŷ(k) =

N−1∑
n=0

y(n)e2πik nN . (1.6)

where ŷ(k) are the coefficients of the so-called Fourier series in (1.5). We remark

that a variety of definitions for the DFT-IDFT pairs exist, mainly differing in the

normalization term. Regardless of its exact definition, the quantity Syy(k) = |ŷ(k)|2

is referred to as the power spectrum. It gives an indication of the distribution of
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discrete frequencies k in the signal y(t). As can be seen in (1.5), FT decomposes

the signal y(n) into a superposition of complex exponentials. According to the Euler

theorem eiφ = cos(φ) + i sin(φ), this is equivalent to a sum of sines and cosines.

A proper estimate for the power spectrum can be obtained in the form of a power

spectral density (PSD). The PSD is the expectation value of Syy(ω) and is obtained

by averaging over multiple estimates of Syy(ω).

An important part of the analysis throughout this thesis involves the autocorre-

lation function defined as

ryy(u) =

N−1∑
n=0

ȳ(n)y(n+ u) (1.7)

where ȳ(n) denotes the complex conjugate of y(n) and y(n) is assumed to have zero

mean, i.e. 〈y(n)〉 = 1
N

∑N
n=1 y(n) = 0. It is a measure of similarity between obser-

vations as function of time lag u. Interestingly, this function is closely related to the

power spectrum, which can be appreciated by substituting (1.5) into (1.7):

ryy(u) =

N−1∑
n=0

ȳ(n)y(n+ u)

=

N−1∑
n=0

{[
1

N

N−1∑
k=0

ŷ(k)e
2πikn
N

][
1

N

N−1∑
k′=0

ŷ(k′)e−
2πik′(n+u)

N

]}

=

N−1∑
n=0

N−1∑
k=0

N−1∑
k′=0

1

N2
ŷ(k)ŷ(k′)e−

2πin
N (k′−k)e−

2πiu
N k′

=

N−1∑
k=0

N−1∑
k′=0

1

N2
ŷ(k)ŷ(k′)Nδ(k′ − k)e−2πik′ uN

=
1

N

N−1∑
k′=0

ŷ(k)ŷ(k′)e−2πik′ uN

=
1

N

N−1∑
k′=0

|ŷ(k)|2 e−2πik′ uN .

Note that the last line is equal to (1.5), meaning that the power spectrum |ŷ(k)|2 of

y(t) are the coefficients of the Fourier series corresponding to the autocorrelation func-

tion ryy(u). Equivalently, one can say that ryy(u) and ŷ(k) form a Fourier transform

pair. This identity is known as the Wiener-Khinchin theorem.
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1.2.3 DFA

In the definition of ryy(u) in (1.7) we assumed 〈y(n)〉 = 0, a condition that holds for

general signals z(n) after subtracting its mean. However, if y(t) contains a trend, or

more general, if its statistical properties are not stationary but instead depend on time,

this has a non-trivial confounding effect on ryy(u). For biological signals stationarity

cannot be assumed in general. To mitigate the effects of (weakly) non-linear trends,

Peng and coworkers [164] introduced a method called detrended fluctuation analysis

(DFA). This method has been widely used in neuroscience and because of the quite

extensive use in this thesis, I will here shortly elaborate on this method.

Consider a time series y(l), n = 0, . . . , N − 1, that is integrated according to

Y (k) =
∑k
l=1 y(l). The signal Y (k) is divided into non-overlapping segments with

length n. For each segment a polynomial function Y trend
n (k) is fitted over Y (k).

Subsequently the fluctuation function F (n) is defined as

F (n) =

√√√√ 1

N

N∑
k=1

[Y (k)− Y trend
n (k)] , (1.8)

where Y trend
n (k) may be different for each considered segment. The function F (n) is

calculated for a range different window lengths n with the objective of finding the

function describing the change of F (n) as function of n.

Of particular interest is the case where the function F (n) scales as a power law

F (n) ∝ (n)α. The scaling behavior of F (n) can then be characterized by the exponent

α, coinciding with the Hurst exponent [119] in case of fractional Brownian motion

(fBm). A convenient way of identifying power laws is by plotting them in double

logarithmic fashion, which can be understood by taking the logarithm of both sides

of the expression f(x) = cxα:

f(x) = cxα → log (f(x)) = log(c) + α log(x) (1.9)

where the log represents the logarithm with base 10. From (1.9) follows that in double

logarithmic coordinates a power law appears as a straight line with a slope equal to the

scaling exponent α. The scaling exponent is indicative for the correlation structure

in the sequence increments: anti-correlated for H < 0.5, positively correlated for

H > 0.5 and a reduction to a standard (non-correlated) Gaussian noise process for

H = 0.5. The remarkable property of power laws is the following identity:

f(ax) = c(ax)α = caαxα = aαf(x) .

That is, irrespective of the value of a, f(a · x) is only scaled by a factor aα. This
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means that the basic shape of f(x) is conserved on all scales of observation a; the

signal is thus self-similar or scale-invariant, relating these processes to fractals [207].

x

y

Fig. 1.3: An illustration of the curve
fitting problem: a parsimonious (solid
line) and a more complex function (dash-
dotted line) were fitted through the data
points (x, y) indicated by circles. The
curve fitting problem concerns the ques-
tion whether the increased goodness-of-fit
of the more complex fit function is worth
the extra uncertainty in parameter esti-
mates associated with this function.

Equation (1.9) shows that α can be determined by means of linear regression,

thereby implicitly assuming power-law behavior. Until recently linearity of log(F (n))

had to be assessed by mere visual inspection. Inspired by the model selection problem

in likelihood theory and the first advances by [29], in Chapter 3 we discuss a method

to test whether the assumption of power-law scaling holds. In fact, the problem boils

down to the common curve fitting problem: what is the optimal complexity of a

function to properly fit a data set. According to Occam’s razor one should select

the most simple or parsimonious hypothesis from a set of competing hypotheses that

predict equally well. I provide an illustration of this problem in Fig. 1.3. Given the

set of data points (x, y) indicated by circles, one may consider a relatively ‘simple’

function (solid line) and a more complex function (dash-dotted line) to fit the data.

The more complex function will always result in a smaller error between observed

and fitted values and thus leads to increased explanation of data variance. It does

so, however, at the expense of estimating a larger number of parameters with an

unavoidable increase in uncertainty in those estimates. Clearly the opposite holds

for more simple functions. A measure that takes this into account and establishes a

compromise between simplicity of the model on one hand and data explanation on

the other would thus be desirable. Such measures do exist in the form of so-called

information criteria. Computing them, however, requires the definition of a likelihood

function. This function quantifies the probability that a given function underlies the

data points at hand. In Chapter 3 we propose the definition of such a function and

discuss its consequences on estimating the scaling exponent.

1.2.4 Synchronization

Synchronization refers to the process of coordination of events in order for these

events to occur at the same time or rate. A prominent feature of M/EEG signals

is that they contain multiple oscillatory or periodic components. That is, the power

11
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spectrum Syy(ω) of the signal in question differs significantly from zero over a wide

range of frequencies (ω). The range of frequency is usually subdivided into distinct

frequency bands such as the delta band (0.5-4 Hz), theta band (4-8 Hz), alpha band

(8-12 Hz), beta band (13-30 Hz), and the gamma band (30-100 Hz). The slow delta

band oscillations can be observed during deep sleep, whereas alpha band activity is

depressed with arousal and visual input and increases in eyes closed, resting state

conditions. Movement and its related activity in motor areas are mainly reflected

in the beta band and gamma band activity is related to cognitive processing. This

thesis will be mainly concerned with alpha band and beta band activity, which are

the frequency bands in which the aforementioned RSNs were observed in the Hilbert

envelope dynamics of encephalographic recordings. Let me remark here that corre-

spondence with BOLD signals have also been found for infraslow (¡0.5 Hz) cortical

electrical activity in subdural recordings [109, 163] indicating that the observation of

RSNs is not restricted to the alpha and beta band.

The synchronization measures used here quantify correlation between encephalo-

graphic signals that represent activity patterns in neural populations. When regarding

the brain as a network, the nodes of this network are identified with these populations

and thus with cortical regions. Regardless of the exact definition, synchronization is a

statistical measure, such that to obtain a proper estimate one needs multiple, prefer-

able many, samples. In networks one may adopt two strategies to achieve this: either

considering time series of individual nodes or incorporate multiple network nodes for

the same time instant. As a consequence each measure is a compromise between

spatial and temporal resolution and, hence, provides a different characterization of

synchronization structure.

Pair-wise measures quantify temporal alignment for each pair of nodes in the net-

work. Since this involves some sort of average over time, one does not obtain temporal

resolution from this kind of analysis. Due to the fact that this analysis is performed

for each pair of nodes, it does provide spatial resolution instead. Since we assume

the signals under consideration to be oscillatory we can characterize these signals by

their phase and amplitude. Temporal synchronization in phase and amplitude may

then be quantified by the phase locking value (PLV) or covariance (ρ), respectively:

PLVkl =

∣∣∣∣∣ 1

N

N∑
n=1

ei(φl(n)−φk(n))

∣∣∣∣∣ (1.10)

ρkl = cov(ak(n), al(n))

=
1

N

N∑
n=1

[ak(n)− 〈ak〉][al(n)− 〈al〉] (1.11)

Subscripts k, l refer to the pair of nodes k, l, 〈a〉 denotes the mean of a and n =
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0, . . . , N − 1 a discretized time axis. Averaging in (1.10), (1.11) is performed over the

range n = 0, . . . , N−1. When one aims for temporal resolution and/or is interested in

spatial synchronization, the measures above are not suitable. Instead of averaging over

time in (1.10), (1.11), one may average over nodes in the network for each instant. This

covers spatial behavior of the network and provides temporal resolution. Depending

on whether phases or amplitudes are considered, phase coherence R(t) and average

amplitude A(t) can be defined as

R(t) =

∣∣∣∣∣ 1

N

N∑
k=1

eiφk(t)

∣∣∣∣∣ (1.12)

A(t) =
1

N

N∑
k=1

ak(t) . (1.13)

These measures may be considered counterparts of PLVkl and ρkl, respectively. In

this case N stands for the number of nodes in the network. A method suitable for

analyzing their temporal structure is the aforementioned DFA.

1.3 Models

A considerable part of this thesis is devoted to mathematical models offering a dy-

namical description of different aspects of neural dynamics. In general models come

in great variety, but they all admit a basic structure when representing whole brain

dynamics. The brain is regarded as a network of coupled subsystems, where the state

of subsystem k is represented by a vector Xk(t) with the length of the vector de-

pending on the dimensionality of the subsystem dynamics. Denoting the subsystem

dynamics by F (Xk(t)) the evolution of Xk(t) may be given by

Ẋk(t) = Fk(Xk(t)) +K

N∑
l=1

CklG(Xl(t)) (1.14)

with Ẋ = d
dtX(t). The term

∑N
l=1 CklG(Xl(t)) describes how subsystem k is in-

fluenced by the remainder of the network. The matrix Ckl specifies the coupling

by establishing a weighted sum of quantities G(Xl) acting on subsystem k. Overall

interaction strength is determined by the parameter K. The function Gkl(Xl(t)) es-

tablishes a transformation determining in what form the state Xl arrives at node k.

In case of large networks and/or high-dimensional subsystems Xk(t) the system (1.14)

can become quite complicated. This often hinders analysis and, in case of simulations,

increases resources required for numerical integration. Under certain conditions the

microscopic dynamics Xk(t) can be reduced to a macroscopic low-dimensional de-
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scription in the form of order-parameters [101, 191].

Biological systems can be regarded as open systems, as they experience a contin-

uous supply of energy and matter (as long as they are alive). As a consequence they

never reach a state of thermal equilibrium. In fact, they are always far from this equi-

librium and therefore the framework of equilibrium thermodynamics does not readily

apply. Non-equilibrium systems are often capable of forming macroscopic spatial,

temporal and/or functional structures through self-organization. That is, there is no

‘supervision’ from an external observer guiding the system into these macroscopic

patterns. This makes them very appealing candidates for explaining neural function-

ing. A suitable framework for studying these system is that of synergetics [101], in

which order parameters emerge naturally in the neighborhood of a (non-equilibrium)

phase transition due to destabilization of a limited number of collective modes. This

destabilization is the result of a bifurcation: a qualitative change of behavior in a

dynamical system.

1.3.1 Bifurcations

Suppose we have a dynamical system ẋ = f(x, r) in which the evolution of x depends

on x itself and a parameter r defined as

ẋ = rx− x3. (1.15)

For nearly all values of r, changing the value only results in a minor and continuous

change in the dynamics, except when it reaches a critical value rc. To appreciate this

we consider the so-called fixed points or stationary solutions x∗. These solution are

defined as points for which ẋ∗ = 0 and in this case equate to x∗ = 0 and x∗ = ±
√
r.

Note that the first is independent of r, whereas the latter only exist for r > 0. Hence,

when r grows continuously, the number of stationary solution changes from one to

three when r crosses the imaginary axis, i.e. when r = 0. This value is referred to

as the critical value and the qualitative change in the dynamics that comes with it is

called a bifurcation. At the bifurcation not only the number of stationary solutions

change, but the stability of these solutions changes as well. A fixed point is stable

when the system returns to this solution after a small perturbation. In contrast,

a perturbation from an unstable fixed point results in divergence away from this

solution. This means that the only fixed points that can be observed in physical

systems by means of stationary or steady states are stable ones; the presence of noise

prevents the system from ever attaining its unstable fixed points values. One may

quantify stability through the eigenvalues of the Jacobian matrix after linearizing

(1.15) around the fixed point in question, i.e. by means of a linear stability analysis.

We consider x = x∗ + ε where ε is a perturbation. We substitute this into (1.15) and
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neglect all higher order terms in ε, because for small values of ε, the higher order

terms are much smaller than the linear ones. As a result we obtain for the evolution

of the perturbations

ε̇ = rε,

ε̇ = −2rε,

x∗ = 0

x∗ = ±
√
r

(1.16)

for which it can be shown that the solutions of (1.15) satisfy

ε(t) = eλtv (1.17)

Depending on the value of r, the eigenvalues λ attain the values λ = r or λ = {r,−2r}.
When r < 0, the only fixed point that exists is x∗ = 0. As can be seen from (1.16)

perturbations decay to 0 when r < 0 meaning that x∗ = 0 is locally stable. When

r > 0 the fixed point x∗ = 0 becomes unstable and the new fixed points x∗ = ±
√
r

become stable. So at the critical point r = 0 the system undergoes two qualitative

changes: two new stationary solutions x∗ = ±
√
r appear and the already existing

fixed point x∗ = 0 loses stability. The parameter r hence ‘controls’ the bifurcation

and therefore referred to as the control parameter.

Example: Kuramoto model

A bifurcation in a complex system can be observed in the Kuramoto model. The

Kuramoto model consists of a network of globally or all-to-all coupled phase oscillators

and was introduced by Kuramoto [135] in 1975. For generality we here consider the

stochastic version studied first by Sakaguchi [185] that reads

φ̇k = ωk +
K

N

N∑
l=1

sin(φl − φk) +
√

2Qξk(t). (1.18)

Here φk denotes the phase of node k, ωk its natural frequency and K overall coupling

strength. Random fluctuations are modelled by a Gaussian noise source ξk(t) with

properties 〈ξk(t)〉 = 0, 〈ξk(t)ξl(s)〉 = δklδ(t−s) and strength parametrized by Q. That

is, each value of the noise process is zero on average and for all t it is independent

from the values at other time instants s 6= t. One can reduce (1.18) to a deterministic

equation by considering the limit Q → 0; the deterministic form of (1.18) obeys the

form (1.25). In Chapter 2 we show the reverse: that under certain conditions a general

model (1.25) can be reduced to a form similar to (1.18).

To characterize the behavior of this network, Kuramoto used an order parameter

instead of considering all individual phases φk. He introduced the complex-valued
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quantity

Reiψ =
1

N

N∑
l=1

eiφl . (1.19)

which can be interpreted as the collective rhythm of the network with amplitude R

measuring phase coherence — the order — and ψ the collective phase [214].

In case of zero coupling (K = 0), oscillator k is not influenced by the rest of the

network and rotates independently with its natural frequency ωk. Therefore, given

some distribution in natural frequencies ωk, all phases are scattered uniformly on

the circle in Fig. 1.1(a) leading to R ≈ 0. Kuramoto not only introduced (1.19)

to describe the collective dynamics, but he also noticed that the zero-noise limit of

(1.18) could be rewritten in elegant way in terms of the order parameter. To this end

he multiplied both sides of (1.19) with e−iφk to obtain

Rei(ψ−φk) =
1

N

N∑
l=1

ei(φl−φk) (1.20)

After applying Euler’s theorem, equating imaginary parts at both sides of (1.20) and

substituting the result into (1.18) he arrived at

φ̇k = ωk +KR sin(ψ − φk) . (1.21)

In (1.21) the influence of the network exerted on phase φk is established through the

term R sin(ψ−φk) and thus not through the individual contributions φl as in (1.18).

Instead the variables R,ψ represent the average state of the network determining the

evolution of the individual phases φk. The coupling in (1.21) is therefore referred to as

mean-field coupling. From (1.18), (1.21) it follows that increasing coupling strength

leads to a stronger influence of the remainder of the network on the individual φk.

Since (1.21) holds for all k one can expect that for sufficiently strong coupling all

phases are attracted to each other and form one big cluster on the circle. That is,

the network enters a synchronized state corresponding to R = 1. Since K determines

the macroscopic behavior of the system, as quantified by (1.19), this variable can be

considered the control parameter of this system. What is the critical value of this

control parameter, i.e. for which coupling strength Kc does a phase transition occur

from the disordered (R ≈ 0) to the ordered (R ≈ 1) state? Although Kuramoto

himself formulated an exact value for Kc, the first study that rigorously constructed

a stability theory for this system was Strogatz & Mirollo in 1991 [216]. They for-

mulated the problem (1.18) for N =∞ in terms of probability densities P(φ, t, ω).

The function P(φ, t, ω) assigns a probability for the phase φ to be in a certain (in-
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finitesimal) interval. Because it is a probability density, it must satisfy the condition∫ 2π

0
P(φ′, t, ω) dφ′ = 1. Here the boundaries of the integral are determined by the

domain of definition of, in this case, φ. In the disordered state one has P = 1
2π , i.e.

the uniform distribution on the interval [0, 2π]. In contrast, P corresponding to the

ordered state amounts to P = δ(ψ − φ): a delta distribution with its peak located at

the common phase ψ. Note that the explicit φ, t, ω-dependence in the notation has

been dropped for the sake of legibility.

With natural frequencies ω distributed according to the density g(ω), the contin-

uous formulation of (1.20) reads

Reiψ =

∫ 2π

0

∫ ∞
−∞

eiφP(φ, t, ω)g(ω) dφdω . (1.22)

Since we now consider the probability density P we are interested in the evolution of

the probability density instead of the individual phases. The equation governing this

evolution is the Fokker-Planck equation (FPE) given by

∂P
∂t

= − ∂

∂φ
(P (ω +KR sin(ψ − φ))) +Q

∂2P
∂φ2

= − ∂

∂φ

[
P
(
ω +K

∫ 2π

0

∫ ∞
−∞

sin(φ′ − φ)P(φ′, t, ω′)dω′dφ′
)]

+Q
∂2P
∂φ2

.

(1.23)

which follows from the dynamics (1.18). The zero-noise limit (Q = 0) of (1.23) is

referred to as the continuity equation, which we will encounter in Chapter 2. The

above equation was already formulated in 1988 by Sakaguchi [185], but he did not

present a stability analysis of his model.

The analysis in [216] was based on determining the stability properties of the uni-

form distribution P = 1
2π . Without going into detail, they found that the eigenvalues

λ associated with this solution become positive when the coupling exceeds Kc given

by

Kc = 2

[∫ ∞
−∞

Q

Q2 + ω′2
g(ω′)dω′

]−1

. (1.24)

The effect of crossing Kc is displayed in Fig. 1.4, showing the sudden onset of syn-

chronization at Kc. This is caused by the fact that the uniform distribution becomes

unstable at this point.

The picture in Fig. 1.4 shows the stationary value of R as function of K in the

N →∞ limit. The models employed in neuroscience, and those in biology in general,

are of finite size, which has pronounced effects on network behavior [2]. For example,

in the desynchronized condition for N → ∞ we have R = 0, but for finite N this is
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not the case. This means that surrogate testing is needed to determine a distribution

for the value of R for finite networks to enable further statistical evaluation.

R

Fig. 1.4: Phase synchronization R as
function of coupling strength K. syn-
chronization starts at Kc or, in an al-
ternative formulation the disordered state
P = 1

2π
loses stability at this critical cou-

pling strength (Fig. 3 from [214])

Another finite-size effect is that the sharp onset of synchronization in Fig. 1.4

tends to smear out over a wider range of K. Hence, the resulting partial synchronized

state exists for a wider range of the coupling parameter. Due to the fact that this

regime shows interesting and desired behavior for neural networks, this may actually

be beneficial as it makes network functioning more robust against parameter changes.

We remark here that in (1.18) all nodes are coupled to all other nodes, for which one

can easily imagine that it facilitates synchronization compared to a more heterogenous

or sparse coupling structure. For a more heterogeneous coupling one may expect a

broader critical regime. It has been shown that heterogeneity in both the coupling

matrix and delay structure lead to a broader partial synchronized parameter range

(see [2] and Chapter 2/5).

1.3.2 Order parameters and the slaving principle

Bifurcations in a dynamical systems do not only affect the existence and/or stability

of the fixed points. Expressions (1.16) and (1.17) reveal that r also determines the

rate of decay or divergence of the perturbation ε. In particular, close to the critical

point the eigenvalues in (1.16) approach zero. This leads to very slow dynamics of

the system, i.e. a very slow convergence to or divergence away from the fixed point,

referred to as critical slowing down. Critical slowing down is a general phenomenon

in dynamical systems and serves as a basis to define the order parameter in the

framework of synergetics (see, e.g. [104, 102]).

We consider a general multi-dimensional system

Ẋ = N (X, α) (1.25)

where X is a vector and α is a control parameter. Linearizing the system (1.25)

results in a system of equations in the form (1.16). Separating the eigenvalues and

corresponding eigenvectors according to their stability: λs,vs for the stable and λu,vu
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for the unstable modes, one may write the linearization of (1.25) as

Ẋu = λuXu +Nu(Xu,Xs)

Ẋs = λsXs +Ns(Xu,Xs)
(1.26)

where Ns,Nu denote the higher order components of the function N in (1.25). In

(1.16) we saw that the unstable modes grow in time, whereas the stable modes decay.

In the context of (1.26) this means that Ẋs → 0 and converges to its stationary value.

For Ẋu this does not hold.

Although rewritten, the system (1.26) is equivalent to (1.25), such that no reduc-

tion in complexity in (1.26) is achieved. The reduction of complexity is established

by the so-called slaving principle, that states that the behavior of Xs is ’enslaved’ by

the unstable modes Xu by means of an explicit function fs:

Xs = fs[Xu, t]. (1.27)

such that the last equation in (1.26) becomes

Ẋs = λsXs +Ns (Xu, fs [Xu]) . (1.28)

In many cases the number of order parameters, i.e. the dimensionality of Xu, is

very low or even one, leading to a considerable reduction in the number of variables

compared to the full system. A necessary condition for the slaving principle to hold is

that the system is close to its phase transition. That is, at least one of the eigenvalues

of the system needs to approach zero. This condition is reflected in the following

condition concerning the eigenvalues:

λu ∝ ακ, λs ≈ λ0
s +O2(α)

with κ some positive number. The control parameter α is normalized, such that the

instability occurs at α = 0. The equation above states that λu is highly dependent on

α and vanishes when α does. In contrast, λs is basically constant as it depends on α

only in higher order. Because the dynamics of Xu becomes very slow, one can safely

assume that Xs attains its stationary value instantaneously on the time scale of the

dynamics of Xu. We thus assume Ẋs = 0, thereby reducing the system (1.26) to

Ẋu = λuXu +Nu(Xu,X ∗s )

X ∗s = − 1

λs
Ns [Xu, fs(Xu)]

Under this assumption the dynamics of the order parameters Xu indeed govern the
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behavior of the full system (1.26). The process of neglecting fast dynamics in favor

of the slow ones by virtue of the assumption that Xs changes instantaneously on the

time scale of Xu, is known as adiabatic elimination.

We remark that the function fs in (1.27) is not prescribed by some external ob-

server, but instead emerges from the system, i.e. the slaving principle is the result

of self-organization. The slaving principle leads to a circular causality in the system:

the macroscopic behavior of the system is governed by a function depending on the

microscopic dynamics, which on its turn is influenced by the very same macroscopic

behavior it determines.

Because biological systems have a constant exchange of energy and matter with

their surroundings, they are in a non-equilibrium condition. Actually, this non-

equilibrium condition is a necessary condition for the slaving principle to hold. This

follows from the fact that closed systems satisfy the second law of thermodynamics

stating that in a closed system entropy is maximized. This means that the system

strives for maximal disorder, as the random state is the state corresponding to maxi-

mal entropy. Consequently the macroscopic order enforced by the function fs cannot

exist in closed systems in thermodynamic equilibrium.

Returning to the Kuramoto model and its order parameter R(t) in (1.19), it should

be noted that R(t) is an order parameter in the thermodynamic sense where order

parameters measure the degree of order in a system across the boundaries of a phase

transition. It was only recently that [215] and especially [160] with their Ott-Antonsen

ansatz, showed that R(t) decays exponentially and becomes very slow when the cou-

pling strength reaches its critical value Kc, but this does not mean that the separation

of time scales of the order parameter Xu compared to Xs in (1.26) is also present in

the Kuramoto network (1.18). Therefore R(t) does not satisfy the synergetic notion

of an order parameter.

1.3.3 Neural mass models

The discussion of the Kuramoto model above served as an illustration of the theory

on bifurcations and order parameters and how these concepts are related to describing

network dynamics. The crucial step that enabled the linear stability analysis of this

model was the realization of Strogatz and Mirollo [216] that the infinite N version of

the model (1.18) should be phrased in probability densities P rather than considering

all individual units φk. When considering the vast amount of densely connected

neurons inside neural populations, a similar approach might yield a description of

neural population dynamics. Instead of identifying the variable Xk in (1.14) with

the state of a single neuron leading to very high-dimensional model, we aim for the

case where Xk represents the state of a population of neurons. Models that capture
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neural population dynamics are called neural mass models [88]. The phase space of

Xk depends on the type of model and may for example contain membrane potential,

current and time after the last action potential for a single neuron model.

Suppose that inside one population the individual neurons are statistically similar,

but that their individual states Xk(t) vary due to some stochastic input imposed on

each neuron. As a consequence, all neurons sharing the same state X(t) are indis-

tinguishable and one can describe the state X(t) by its time dependent population

probability density P(X, t). Its evolution can be covered by the Fokker-Planck equa-

tion (1.23) under appropriate assumptions. Equation (1.23), however, may still be

very complicated, especially in the presence of non-linearities. Following [70] a fur-

ther simplification is possible, when restricting the description to the expected value

〈X(t)〉 instead of the density P(X, t). This may also be interpreted as reducing the

density P(X, t) to a delta distribution around 〈X(t)〉. By this one obtains an ordinary

differential equation covering the evolution of the expected state of all neurons inside

a neuronal population. One may interpret this procedure as replacing the density

P(X, t) with a point mass at 〈X(t)〉 explaining the name of these models.

The variable X in a neural mass description depends on the particular type of

neural mass model being considered. Two classical models in this class are the Wilson-

Cowan and the Freeman model. The first describes the average firing rate inside a

population by means of a first order differential equation, whereas the latter covers

the membrane potential in the form of a second order differential equation. Both

models have oscillatory solutions, which will be used in Chapters 2 and 5 to reduce a

network of these neural masses into a description similar to (1.18).

1.3.4 Criticality

When we return to the Kuramoto model, we observe from Fig. 1.4 that its behavior

can be divided into three regimes: a disordered state, an ordered state, and a critical

regime in the middle. Both the fully disordered and fully ordered regime are not

particularly interesting when it comes to cortical functioning. In the disordered regime

there is only random activity without any structure and in the ordered regime only

one network state is possible due to the large degree of synchronization. In the

critical regime complex dynamics start to appear [52]. This network state offers the

balance between structure and flexibility that might be necessary for proper neural

functioning. Networks in their critical regime show optimal performance on several

crucial aspects of cortical functioning: information capacity, information transfer and

dynamical range [198]. Power laws are the hallmark of critical dynamics [211], but

in Chapter 5 we show that the ’critical’ state of the Kuramoto model does not seem

to be sufficient for generating power laws. Conversely, other mechanisms generating
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power laws exist [156].

Ironically the resting brain is by its very nature the state of the brain showing

the complex dynamics associated with critical systems. This can be understood when

realizing that this state requires the ‘optimal’ combination of flexibility and structure

to allow for switching from one network state to the other when, e.g., confronted with

a task. There is evidence that the brain moves away from its critical state under

task conditions [78, 31]. Hence, in some sense the resting brain is more interesting

and dynamically rich than when involved in a task. This is the main motivation for

studying the resting brain in my thesis.

1.4 Research questions

In the previous subsections I have sketched the conceptual background of the research

in this thesis. Admittedly this background is quite involved and abstract. Therefore

the reader may ask how these concepts will contribute in unraveling the mechanisms

responsible for cortical functioning. I argue that it is exactly the generality of this

approach that makes this endeavour promising. Regarding the brain as a complex

system opens up the whole array of techniques and concepts that proved their value

in the (recent) history of physics. This specifically holds for the focus on the overar-

ching collective properties of complex systems. Put differently, the brain is more than

the mere sum of a collection of neurons and therefore it is not very likely that only

considering its building blocks (individual neurons or its constituents) will advance

our understanding in this respect. This idea will be embraced in investigating the

generating mechanisms leading to the synchronization structures and the nature of

the dynamics that form the basis of cortical functioning. The trajectory towards this

goal will be guided by the following research questions

• In what manner do structural connectivity and delays within the network influ-

ence phase coupling and synchronization structure in (cortical) networks?

• How can we identify and characterize scale-free correlation structures?

• Do observed local power-law correlations extend to global brain activity?

• Does scaling behavior in phase vis-á-vis amplitude dynamics differ?

• Can neurophysiological phase oscillator networks capture the dynamic spectrum

of brain activity?

To anticipate, the answers to these questions unfortunately will not allow for a clear-

cut explanation of the working principles of the our brain. This possibly disappointing
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statement should not, however, discourage the reader to proceed reading, because I

think the above questions are interesting enough in their own right. Moreover they

might offer a contribution towards the overarching goal of unravelling the operating

principles of the human brain and the origin of its remarkable computational proper-

ties.

1.5 Outline

In Chapter 2 we investigate the synchronization properties of a network of coupled

neural masses by means of a phase reduction. From a generic description as in (1.25),

we will derive a model similar to (1.18) restricting ourselves to the deterministic case.

The phase variable in this context is the relative phase, i.e. ν in an oscillating term

such as sin(φ + ν), and is assumed to change slowly compared to φ. In this manner

an analytic expression for the effective coupling between phases is derived, which con-

stitutes a direct relationship between structural and functional connectivity. Due to

the assumed slow evolution of the relative phases, delays enter this phase dynamics

as comparably simple phase shifts. This makes that delay effects on the phase dy-

namics are different than those usually observed in phase oscillator networks. From

the phase dynamics we derive the corresponding FPE, such that we can investigate

the nature of the phase distributions in the network. We show that a large degree

of homogeneity is required for synchronized (stationary) solutions and that delays

per-se do not destroy these solutions. Heterogeneity in either delays or coupling lead

to disappearance of the homogeneity required for these clustered solutions. Since the

heterogeneity in delays and coupling influences the structure of the phase coupling in

a similar manner, their effects cannot be easily separated. Furthermore, the analytical

expression for the phase coupling provides insight in the mechanism responsible for

the common finding of structure and function correspondence.

To study the temporal dynamics and the autocorrelation structure of cortical ac-

tivity we employ DFA. To do so we first sketch a novel method for assessing the

presence of power laws in the DFA results. This method builds on the foundations

of DFA as well as likelihood theory. The latter requires the definition of a so-called

likelihood function quantifying the probability that a model is appropriate given the

data set at hand. This likelihood function is important because it allows us to em-

ploy information criteria, which provide a compromise between goodness-of-fit and

model complexity in order to find the most parsimonious model with sufficient data

explanation. In Chapter 3, this concept will serve to show how one can determine

whether power-law scaling is present in a given data set. In doing so we propose the

determination of the Hurst exponent as a maximum likelihood estimate instead of an

optimal estimate in the least squares sense.
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In Chapter 4 the method described in Chapter 3 is used to investigate the dy-

namics of global brain activity as measured by resting state (beamformed) MEG

recordings. More specifically we consider the scaling characteristics of the autocorre-

lation function of amplitude and phase based order parameters. We explicitly study

global brain activity, in contrast to most previous studies on this subject and show

the presence of long-range temporal correlations in this dynamics, where phase and

amplitude differ in persistency. Compared to phase dynamics, the amplitude displays

larger scaling exponents and thus more persistent behavior. This suggests different

roles of these variables in information processing with amplitude providing a more

structured, less complex information coding than phase. Regardless of the phase-

amplitude difference, this study corroborates the notion that the brain is a complex

system operating near or in its critical regime.

Chapter 5 combines all results from the previous chapters to answer the ques-

tion whether one may establish a simple but biophysically plausible model structure

that is capable of generating the spatial and temporal correlation structures in the

phase dynamics of Chapter 4. By an averaging approach we derive expressions for the

phase dynamics of two seminal neural mass model networks: a Wilson-Cowan and

a Freeman type model. Both models are equipped with a physiologically plausible

coupling matrix and delay structure. It turns out that the derivation of the phase

dynamics yields qualitatively different coupling structures for both models: an at-

tractive coupling in the Wilson-Cowan phase model and a repulsive coupling for the

Freeman phase model. While both networks capture empirical functional connectivity

structure, only the Freeman based model yields a scale-free temporal dynamics often

observed in resting state activity. Its repulsive coupling lets the individual oscillators

disperse. This desynchronized state does not agree with empirical findings as the cou-

pling structure does not allow for a transition into a (partially) synchronized state.

The Wilson-Cowan phase model, by contrast, can display this transition. However, it

does not generate the scale-free temporal dynamics, even if it is close to the onset of

synchronization. The qualitative difference between these models, suggest that both

phenomena (partial synchronization and scale-free correlations) are mutually exclu-

sive in this case. Although there is a range of possibilities to alter these models, this

would either violate the close connection with the underlying neural mass model or

the physiologically plausible connectivity structure.

In the Epilogue I will summarize the research presented in this thesis. As the

area of computational neuroscience is very broad and touches many other fields, I will

try to cover these fields by changing perspective, reflecting on the research presented

of this thesis and commenting on the open questions that remained unanswered.

Furthermore, I will try to sketch possibilities for future directions of research, thereby

focussing on further integration of empirical and computational findings.
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